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Ye apxeTtd mpoxTind mpoPAfuata Sev apxel  Yvdor g Urapdng uiag Abong 1
oty ebpeon auThg, aAAd amouTelTAL 1) EUPECT XAl XATAYEAPT) OAWY TV duva-
TV Moswyv. To npofAjuata ota onola {nteiton N edpeon AWV TwV SuVATHOVY
doUGDY IOV XAVOTIOLOUY GUYXEXPLUEVES TEOBLAYRAPES XAl LBLOTNTES XohOUVTAL
TpoPMjuata yéveong. e éva npdPAnua yéveong etvan mbavd ol Suvatég Aoetg
va elva exBetind Tohhég, ue dueor ouvénela omoadhrtote texvxy (ahyoplH-
nog) ebpeone avtdy vo amoutel exBetixd ypdvo avagpopxd ue to uéyeboc tne
el0630L Tou TEoBAjuatos. ‘Etot, yia ™ uekétn tng unohoyloTixig toAunho-
xOTNTAG TWV TEOPAUATOY YEVEONS XL TN UETENON TN ATOSOTIXOTNTAG TGV
ahyoplBumy mou emthbouv tétola TpoBAfuaTa YeNouLoToLoVVTAL XATIAANAES
uetpwég mou haufdvouy unédn toug Oyl uévo to uéyebog Tng ELo630L AAAG
xou to péyebog tng e€680u Tou TEoBARUATOS.

Yy Emotiun tov Ynohoylotdy apxetég elvar ol mepintdoelg 6mov {ntol-
vtal 6yt 6heg oL ANOoelg aAAd Ol Lo YAPAXTNELOTXES 1) oL o Quoxés. [
Tapddelyua, undpyouv cuyxexpuéva tpoBAfuata otn Aoyu, oty Teyvn)
Nonuootvrn, oty E€bpuin Aedouévwy xau ota Kataveunuéva Xuvotiuata,
émou {nreltan 7 edpeon axpaiwy Soudy (uUeyiotoTixdy ¥ ehaylototixdy). H
elpeon Ty axpaiwy Soudy éyel Wiaitepn onuacio a@ol avTtéc anoteAovy To
oUVOAO UETAE) T®V SOUMdY TOU XAVOTOLOUY TiG TEOdLaypapés Tou TEOBAY-
MOTOG XOL OUTMY TOU dEV TS LXAVOTOLOVY. 2E NEXETEC MEPLNTOOCELS, O TLO
xotdAANAOC TEOTOG Yial Vo UTOPETEL XAVElG var xatavooel ahAd xa exppdoet
auTég TG EVvoleg elval Péow TNng Slatéuvousag evdg unepypapiuatog. 'Eva
umepypdpnua H elvon éva yevixeuuévo ypdgnua ue xdfe umepaxun Tou vo
nepLéyel meplocdTepoug and dvo xoufoug. Xe avadoyia, ua Siatéuvouoa el
vou OTL X0t TO XAALPUA XOpUPDY OTA YpapAUaTa: €vo 6UVOAO XOuBwy Tou
€xeL Un xevi) Tour) ue xdbe vmepaxun. Mia diatéuvouvoa elvan eAayloTOTXN
edv dev elvar unepolvoho xaulag dAAng Swatéuvovcag. To civolo Shwvy Twv



EAAYLOTOTIUADY SLATEUVOVOGY EVOS UTepypapruatog H arnotehel o Slatéuvoy

unepypdgpnua T'r(H) tov H.

H TENEZH AIATEMNONTOY YIEPTPA®HMATOX anoteAel éva and ta To ev-
dtapépovta mpofAiuata otn Ocwpla Yrepypapnudtwy. Extoc and tov yeydio
apthud eupavicewy Tov wg xevipxd LToTEGBANUA ot dLdPopeg TEPLOYES NG
Emotiung twv Yroloyiotdy, autéd nou enlong mpoodidel evdiagpépov otn TE-
NEXZH AIATEMNONTOX YIEPI'PA®HMATOZY elvon 1) Unapdn mpoBAnudtwy mou
dev elvar timote dAlo mopd pla Stapopetixt| Slatinwon avtold. Tétown mpo-
BAMuata elvan 1 edpeon TV EAAYLOTOTXOY bpwy TN BUlXNC ULag LOVETOVNG
Aoywric ouvdptnone oe dalevxtinh xovovixy| pop@r (TENEZH AYIKHE Y-
NAPTHIHE) X0 1) €0pECT] TOV UEYLOTOTIXMY LOVTEA®Y LA ANOYIXAS EXPPAOTS
oe ouleuxtxr] xavovxy woper (TENEXH METISTOTIKON MONTEAQN) émou
%80e mpdTaon tne elvat TARpwe apynTixn. H TENESH AIATEMNONTOY YIIEP-
TPAPHMATOY €lval TOAUWYLULXE L6odUvourn ue T TENEXH AYIKHE SYNAP-
THZHY ot 1) TENEXH METISTOTIKON MONTEAQN elvol TOUAdyloTov T660
dUoxoAn 660 1 TENEZH AIATEMNONTOY YIIEPTPA®HMATOX.

H pehétn tng unoloylotixhic TOAUTAOXOTNTOG TWY TAPATAVEL TEOBANUAT®DY YE-
veong axpalwy doudyv €xel TpooeAxboel Tig TEAeLTaleg SeXAETIES TO EpELYNTIXG
evdlopépoy apxeT®dv epeuvntdyv. Iapd Tic évtoveg mpoondfeieg, e€axoloubel
VL TOROUEVEL AVATEVINTO TO €pOTNUA TNG UTapENg 1) 6L akyopibuou Tohuwvu-
utxol otnv €€0do (dnhady, alyopibuou mou o ypbdvog extéheons Tou ppdooe-
Tat and ToAVGYLUO oto Wéyebog tng eleddou xau Tng €£680v) Yo TN TENESH
ATIATEMNONTOS YIIEPTPA®HMATOX. H nolumhoxédtnta tou mpofAjuatog
autoV e€apTdTal dUECH and TNV ATOPAVTLXT ToL €x300T AIATEMNON YIIEP-
TPAPHMA. To AIATEMNON YIEPTPASHMA avixel otny xAdorn coNP evd) oe
APXETEG TMEPLNTOOELS UTopel vor Aubel moAvwvuuxd. To 1996 o Fredman xou
Khachiyan nopovciacayv évav akybeifuo mov emhdel v AYIKOTHTA (160-
dvoo mpbBAnua Ue To AIATEMNON YIIEPTPA®HMA) o€ Ypbvo unoexBetind
n°18™) 40U n elvon to wéyebog tng ele6dou Tou TpoBMiuatoc. To anotéhe-
oua autd Pavépwoe OTL To ATATEMNON YIIEPTPA®HMA Sev elvon TANPES Yo
v xAdorn coNP, extédg edv xdbe coNP-mAvpeg mpdBAnua unopel va Aubel oe
UToEXOETINS YEOVO, AAAE avixel udAAoy o uia eVILAUEDSY xAdom UETAEY TwY
x\doewy P xat coNP. O ahyéplfuoc twv Fredman xat Khachiyan umopet
Bewpntind va yenouwomowndet yia Tn YEVEST TOU SLATEUVOVTOG UTERYRAPHUATOS
oe auENuxd vroexfetind ypdvo.

Ané ta mapamdve yivetal @avepd 6Tt Ta TpofAfuata yéveong mou teplypddoue
(xevipixd mpofAfiuato oe Tolég Teployés tne Emothuncg twv Ynoloyliotwy)
dev €youv xatavoniel TARpws xat 1 axEBRS TOAUTAOXOTNTA TOUG TAPUUEVEL
avoxtd medPBAnua. Avtuxeluevo tng mapoldoog Sdaxtopuis StatePrc elvat
N LEAETN TNG UTOAOYLOTIXAG TOAUTAOXOTNTOG TV TEOBANUATWY QUTHOY XL O
oYEdAOUOS XATIMNAWY alyoplBuwy Yo TNy arodotixy| eniAucT Toug.

Eexwvdue divovtoag Toug 0plopols ToV XATEAANAGY UETEXGY Yo TN UETENOM



NG anodoux6TNTag TwV ahyoplBuwy enthuong tpofAnudtwy ue ueydin é€odo.
1N ouvEYELX SLATUTOVOUUE AUOTNEE Ta TPOBANAT YéVvEoNg Tou Oa Uag amat-
OYOAOOUY %ol SIVOUUE WL GUVTOUY TEPLYPAPY) TOU TPOTOU UE TOV OTolo Ta
Tapamdve meoPAfuata euavifovial wg xevipxd LTonpdPAnua oe SLdpopeg
neployée g Emotiung twv Yroloylotdyv, xdvoviog exTETAUEVN avapopd
oty Phoypaplia.

[ v ahyoplBuixn mpocéyyion tou npofAjuatog TENEXH AIATEMNONTOY
YINEPTPA®HMATOZY, nopouctdlovue évay mpaxtixd ahydpelbuo va mapdyet tig
eAaLOTOTIXES BLATEUVOUOES EVOC UTERYRAPNUATOS YRNYORA Xl ATOSOTIXG XaL
elvow xatdhhnhog yua ottypidtuna yeydhov ueyébouc. O alydplbuog uag
EVOWUATOVEL UL OELRd VEWY WBEDY OTWS TN XENOT YEVXELUEVKDY XOuBwv, Tov
xotd Bdbog uTOAOYLOUS TWV EAAYLOTOTXGY SLATEUVOUCEHY XOL TNV ETLAEXTLXN
TAPAYWYN TNG ENOUEVNS EAAYLOTOTIXNG SlaTéUVOUsUS UECW TNG EVVOLAG TWV
XOTEAANALY x6uPov. Anodeixviouue 6TL 0 mpotelvduevog alydpliuog apd-
veu 0pbd v €€0d0 ywelc enavayéveorn. Av xou uéypl otiyung Sev €youue
anodelel xdmoLo dve PEdyUd Yo TNV Yeovixy Tohumhoxdtnta Tou ahyoplh-
1ov, amodexviOLUE EVTOUTOLS OTL O aAYOELOUOG ATULTEL YMDEO TOAVGYLULXS
oto péyebog Tou unepypapuatog etoédou. IlapdAAnha, 1 TElPUUATIXY anO-
tlunon Tou alyoplbuou €deile mwg o alydplbuog mapdyel v €080 pe UL
anpocdOxNTN ouolouoppla, AEXETE YEHYOoPd XAl ATOSOTIXH, XOUA XAl YLot
uEYSAA OTLYULOTUTIOL

Avagopixd pe tn) TENESH METISTOTIKON MONTEAQN, Topouotdlouue (i
dradixaoto entAuong 1 onola analolpet Tig etieés eupavioels Twv YeTaBANTodY
wLag yevunig Aoywung €xgpaong oe cLLELXTIXY XAVOVLXY) LOPPY XL TNV UETA-
oxnuatilel oe TAYpwg apvntxy. Anodeixviouue 6TL 1) Tehixr) hoyuxr| Exppaon
€xeL 1o (3o oUVONO UEYLOTOTIXGY UOVTEAWY UE TNV apyixy, OomoTE 1) Yéveon
TOV UEYLOTOTXMDY UOVTEA®Y auTAg umopel va Ylvel Ue eqapuoyr onoloudi-
note alyopibuou yéveong ehayloToTXdY Sateuvouody. 2otdoo, M TEAX
TApws apyNTxY Exgpaon evdéyetal va elvan exOeTixd ueyaldtepn and TNy
apyen, YEYOVOS Tou dev ogelhetanr otny mpotewvouevy Stadixactio enihuong
apoV, Omwe amodetxviouue, axdua xal otnyv nepintwon Twv Horn Aoyuwxdy
exppdoeny (xdbe Tpdtaon neptéyel To TOND wlo Betieh peTaBANTA), N wixed-
TEPN LOOBUVOUY WS PO TA UEYLOTOTIXE UOVTEAA TAHPWS ApVNTIXY EXPEAOT)
elva exBetind peyalltepn and Ty apytxn. Amodewxviouue 6Tl 1) YEVEOT TV
MEYLOTOTIXGY UOVTEAWY UTOPEL Vo Yivel o audntixd umoexbetind ypdvo otny
nepintwon nov To mANHog Twv YETABANTOY ue Betixt| epgdvion elvar otabepd
xau o€ auEnud O(mPou1o8™)) yobvo oty epintwon mou 1o TABog Twy Ye-
TaPANTAHY pe Betind epgpdvion eivan O(loglogm), 6nouv m eivon To ThRbog Twvy
TPOTACEWY TNG ExPpaons. XeNOWOTOLOVTAS TNV TEOTELVOUEV Stadixaoctia eml-
Auong, moapouctdlovue Evay aAyopliuo Tou TaEdYEL To UEYLOTOTIXE UOVTEAA
utag hoyweric éxgpaone oe 2-X KM (xdfe npbtaom mepiéyet To mohd 8bo mpo-
onuocuéves UETABANTES) ue ToAvwvuuxy xabuotépnon.

H perétn tng unoloylotixrc ToAuthoxdTNTag Tou TEOBAUATOS YEVEGTC UEYL-



OTOTXAOV HOVTEAWY [tag Aoy éxppaong Eextvd and anhodotepa oalhd e&i-
oov duoxola mpofAjuata. Amodelxviouue 6Tl To TEOBANUA Tou EAEYYOL EQY
évar povtého elvan peylototixd elvor NP-mhjpeg yia yevixés hoyixég exppd-
oelg VO UTopel vor AuBel TOALVWVLIXA VLA TS TOAUWVUULXES TIEPLTTACELS TNG
weavormounowdtntas. Ta yevixée hoyuée exgpdoeis NP-80oxolo elvar xou
T0 TMEOPBANUA Tou eAEYyoL NG Vnapdng evog axdUd UEYLOTOTIXOU UOVTENOU,
J00EVTOV HATOLWY UEYLOTOTIXOV LOVTEAWY autdy. ISaitepo evdiapépoy ma-
pouoLdlouy oL TOAGYVUUIXES TIEPLTTMOELS TOU TROBARUATOG TNG LXAVOTOLNGL-
UOTNTAG, APOY OTLS UTOAOLTEG MEPLNTMOELS 1) TENEXH METIETOTIKON MONTE-
AQN elvan mpogavddg dUoxoln. Arnodewxviouue 6t to TEdBANUA Tou EAEYYOU
g Vnapéng evég axdua ueylototxol woviéhou uiag Horn Aoyuic éxgpaong
elvaw NP-mAfjpeg xow xatd ouvénewa dev undpyet ahydplbuog moAvmvLULKXGS
otnv €£080 YL TN YEVEOY TWV UEYLOTOTIX®OV Woviéhwy uag Horn Aoyuig
éxppaong, extoég av P = NP. Aciyvouue enlong 6t ) TENESH METISTO-
TIKON MONTEAQN emAletal amodotixd yio Aoywxég exppdoelg oe 2-X KM
YENOUWOTOLOVTG TOV TEOTELVOUEVO XavOVA ETLAUONG XAl APHVOUUE AVOLXTH
TNV TERINTWON NG YEVEONS TV UEYLOTOTIXMDY UOVIEAWY APVXDY AOYLXGDV
EXPPACEWY.

[l yevixég hoyinég exgpdoeig ) TENESH METISTOTIKON MONTEAQN eival
TOUAGYLOTOV T6G0 3UOXOAT 660 1) TENEXH AIATEMNONTOYX YIIEPTPA®HMA-
TOox. H Ynapgn ahyopibuou moAuvwvuuixod otny é€odo yio T TENEXH AIA-
TEMNONTOY YIEPTPA®HMATOYX tooduvauel pe v Unopén ToAumvuuLxos
ahyopibuou v ™ AYIKOTHTA. Me Bdon otov vietepuiviotind alydpfuo
twv Fredman xauw Khachiyan, amodewviouue 6t n AYIKOTHTA unopel va
emthubel ye meploplouévo un vietepuivioud. Ilapovoidlouvue évav un vietep-
uviotixd ahybeluo o omolog emhdel T AYIKOTHTA oe moAuwyuuxé yedvo
xévovtag O(log?n) un vietepuiviotixée emhoyés, émov n elvar to uéyebog
e ewddov. To anotéheocua autd xatatdooel T AYIKOTHTA otnv xhdon
coNPJlog®n], Tnv unoxhdon tng coNP énov pévo ta mpdta O(log? n) B
potor elvan un vietepuiviotind. Abvouue €tol éva xahitepo dvw @pdyua oTny
TOAUTAOXOTNTA YEHVOU TOU TEOBANUATOS AUTOY, APRVOVTAS avolXTd TO TEd-
BAnua Tou LTOAOYLOPOY EVOS XAAVTEPOU XATW PEAYUATOGC.
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Abstract

Generation problems are problems where finding all possible structures that
satisfy certain specifications or properties is required. These problems emer-
ge in many real world applications where the knowledge of the existence of
a solution, or even finding the solution, is not sufficient. Since the number
of all possible solutions may be exponentially large, the running time of any
algorithm that solves a generation problem may be exponential with respect
to the size of the input. Thus, for measuring the computational complexity
of a generation problem as well as the efficiency of an algorithm for it, more
elaborate complexity measures must be used that take into account not only
the size of the input but the size of the output, too.

In Computer Science, one is often interested not in all solutions but in the
most representative or natural ones. For example, there are certain prob-
lems in Logic, in Artificial Intelligence, in Data Mining, and in Distributed
Systems where the interest is restricted in finding minimal or maximal (ex-
tremal) solutions. Finding extremal solutions is quite interesting since they
act as a border between the structures that satisfy the specifications of the
problem and those that do not. In many cases, a nice way of capturing
the notion of minimal (or maximal) solution is by using the notion of the
transversal of a hypergraph. A hypergraph H is a generalized graph where
each hyperedge may have more than two nodes. A transversal (or, hit-
ting set) of H is a set of nodes 7 that intersects every hyperedge of H. A
transversal 7 is minimal if no proper subset of 7 is a transversal of . The



transversal hypergraph Tr(H) of H is the family of all minimal transversals
of H.

TRANSVERSAL HYPERGRAPH GENERATION is one of the most important
problems in Graph Theory with a large number of applications in many areas
of Computer Science. There are several cases where it appears as a central
subproblem of many important problems, while there exist problems that are
just a disguised form of the TRANSVERSAL HYPERGRAPH GENERATION. For
example, generating all minimal transversal of a hypergraph is equivalent to
generating all prime implicants of the dual form of a Boolean function in dis-
junctive normal form (DUAL FORM GENERATION). Moreover, TRANSVERSAL
HYPERGRAPH GENERATION is equivalent to generating all maximal models
of a Boolean expression in conjunctive normal form (MAXIMAL MODEL GEN-
ERATION) where all variables appear negated.

Complexity questions related to the above generation problems have been
widely discussed in the literature during the last decades. However, the ex-
act complexity of them is still an open issue. Although there are several
algorithms that involve, in a more or less obvious way, the computation of
transversal hypergraphs, the existence of an output-polynomial algorithm
(that is, an algorithm that its running time is bounded by a polynomial of
the combined size of the input and the output) is unknown. Its complexity
is strongly depended on the complexity of its decision version TRANSVERSAL
HYPERGRAPH. The TRANSVERSAL HYPERGRAPH problem is in its general-
ity in coNP, while several polynomial cases exist. In 1996, Fredman and
Khachiyan presented an algorithm that solves DUALIZATION (an equivalent
problem with TRANSVERSAL HYPERGRAPH) in subexponential time n°(°8™),
where n is the size of the input. This result implies that TRANSVERSAL
HYPERGRAPH is not coNP-hard, unless any coNP-complete problem can
be solved in subexponential time, and gives evidence that it may lie in an
intermediate class between P and coNP. The algorithm of Fredman and
Khachiyan can also be used as an oracle for generating all minimal transver-
sals of a hypergraph in incremental subexponential time, the best provable
upper time bound yet.

All previous discussion makes clear that the generation of minimal or max-
imal structures is crucial in many areas of Computer Science, while the
difficulty of these problems is not well understand yet and their precise com-
plexity is unknown. The purpose of this Thesis is to study the computational
complexity of the generation problems defined above and to design efficient
algorithms for solving them.

We firstly define suitable measures for measuring the efficiency of an algo-
rithm for solving problems with large output. These measures take into
account not only the size of the input but the size of the output, too. We
next give formal definitions for the generation problems we are going to deal



with, along with a number of cases in Computer Science where these prob-
lems emerge as a central subproblem. An extended literature in all cases is
also given.

Our algorithmic approach of the TRANSVERSAL HYPERGRAPH GENERATION
problem starts by presenting an efficient and practical algorithm for solving
this problem. The proposed algorithm incorporates a number of ideas and
improvements like the use of generalized nodes, the depth-first computation
of minimal transversals and selective generation of the next minimal transver-
sal using the notion of the appropriate node. We prove that our algorithm
correctly generates all minimal transversals with no regeneration. Although
no time bound is proved yet, we prove that its memory requirements are
a polynomial to the size of the input hypergraph. Moreover, experimental
evaluation has shown that the algorithm behaves well in practice, it produces
the output with surprising uniformity, and it can successfully handle large
problem instances.

For the MAXIMAL MODEL GENERATION problem, we present a resolution-
like procedure that removes all positive occurrences of any variable in an
arbitrary Boolean expression in CNF, and thus, transforms it into a purely
negated one. We prove that this procedure preserves the set of maximal
models of the initial expression and, hence, the generation of its maximal
models can be done by any algorithm that solves TRANSVERSAL HYPER-
GRAPH GENERATION. The resulting purely negative expression may by ex-
ponentially larger that the initial one. This is not caused by the proposed
procedure, since, as we show, even for simple Horn expressions the smallest
purely negative expression equivalent with respect to its maximal models, is
exponentially larger. We prove, however, that the generation of the maxi-
mal models of an expression with constant number of variables having po-
sitive appearance can by done in incremental subexponential time. In case
that the number of variables having positive appearance in the expression is
O(loglogm), where m is the number of clauses, then the generation of the
maximal models can be done in incremental O(mP°¥(1°8™)) time. Using the
resolution-like procedure, we finally present a polynomial delay algorithm
(that is, an algorithm where the time between two consecutive output bits
is a polynomial to the size of the input) for the 2CNF case.

We studied the computational complexity of MAXIMAL MODEL GENERATION
starting from simpler, but also difficult, problems related with it. We prove
that the problem of checking whether a model is maximal is NP-complete for
general CNF expressions while it is polynomial for the polynomial cases of
SATISFIABILITY. For general CNFs, the problem of checking whether there
exists another maximal model, apart from some given ones, is also NP-
complete. Obviously, for the difficult cases of SATISFIABILITY, MAXIMAL
MODEL GENERATION is difficult, too. We prove that for the Horn case,
the problem of checking whether there exists another maximal model, apart



from some given ones, is NP-complete. Hence, unless P = NP, these is
no output polynomial time algorithm for generating all maximal models of
a Horn expression. We also show that MAXIMAL MODEL GENERATION can
be efficiently solved (with polynomial delay) for the 2CNF case, while the
existence of an output polynomial time algorithm for the affine case is stated
as an intriguing problem.

In general, MAXIMAL MODEL GENERATION is at least as hard as TRANSVER-
SAL HYPERGRAPH GENERATION. The existence of an output polynomial
time algorithm for TRANSVERSAL HYPERGRAPH GENERATION would result
in a polynomial time algorithm for DUALIZATION; the opposite direction also
holds. Based on the deterministic algorithm of Fredman and Khachiyan, we
prove that DUALIZATION can be solved with limited nondeterminism: We
present a nondeterministic algorithm that solves DUALIZATION in polyno-
mial time plus O(log?n) nondeterministic guesses, where n is the size of
the input. We, thus, place DUALIZATION in coNP[log®n], the subclass of
coNP where only the first O(log®n) steps are nondenerministic. This result
implies a better upper time bound for the complexity of the problem and
makes straightforward the subexponential running time of the deterministic
algorithm.



